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1| OVERVIEW DATA ASSIMILATION

Data Assimilation (DA) Ensemble Methods Conditional Independence

DA combines numerical modelling with  For DA methods is the covariance matrix g — ———
observed data to improve parameter and  essential. Ensemble methods derive the
state estimation. DA is based on Bayes’ covariance matrix from a finite ensemble as
theorem which combines a prior pdf the true closed-form solution to DA’s
(representing prior knowledge) and a  statistical inference problems is often
likelihood pdf (introducing observed Intractable.
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Hidden Markov model. Adapted from Ramgraber et al. (2023).

Pdfs have an underlying graphical structure,

Observation
predictions

data) to estimate the posterior pdf. Prediction, Filtering, Smoothing which represents variables as nodes and
Bayes’ theorem: Predictiono t ' DA can be used to dependencies as edges and encodes
| solve different state conditionalindependence (Cl): A L B|C if all

“ke;)ho"d brier Filtering estimation problems  paths from A to B go through C. Example: In

p(alb) = p( \a)p(a) Smoothing depending on the. time a hidden Markov model the current state is
posterior P(b) Span of available independent of past observations given the

normalizingfactor observations estimate observations. previous state: xt 1 yt—l‘xt—r
Adapted from Sarkka, Svensson (2023).

2 | OBJECTIVE 4 | RESULTS

Small ensemble sizes lead to spurious correlations, which can be Ensemble DA for AR(1) model
reduced by exploiting Cl. Some DA methods exploit Cl (in time), some ) timesteps = 40
not: b 1 num seeds = 50
+  Ensemble Kalman Filter (EnKF) (CI) T 1.0- DR
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3 | MATHEMATICAL FOUNDATIONS h Fnsomble size e
All Kalman-type DA algorithms use Bayesian inference. They differ in Small ensemble sizes: Large ensemble sizes:
what they update and what they condition on: ENRTSS

1. Form joint distribution: p(a, b|c) EnRTSS > EnKF > EnKS (loc) ENKS > EnKF
. . ) ——— —
estimation accuracy estimation accuracy

2. Assume p(a, b|c) is Gaussian
* ENKF and EnRTSS exploit * Covariance approximation

Clin time; bulk EnKS not of EnKS and EnRTSS

) * Localization of bulk EnKS become more accurate:
5. Update samples: A" = A — X, 2, (B-b") improves accuracy both smoothers vyield

(A and B are the ensemble matrices for a and b) - Theoretically, smoothers Similaraccuracy

outperform EnKF by using *All  smoothers perform
future observations. But: better than EnKF: Fewer

EnKS is prone to spurious Spurious correlations for

3. Condition b on b™ (specific observation) to getp(al|b™, ¢)
4. Estimate mean and covariance from samples

EnKF and EnRTSS are recursive and make use of Cl in time. The bulk
EnKS performs a bulk update and is not recursive.

EnKF Bulk EnKS EnRTSS correlations arge ensembles
- time - time - time The ranking of methods by estimation accuracy is In
® QIG, _ ® line with theory. Exploiting Cl Iin ensemble DA
@1_, 1 1 : 1 @1_, Improves estimation accuracy for small ensembles,
1_,5 Sjgothmg 1_, while the impact diminishes for large ensembles.
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updates updates

(F) Forecast  (A)Analysis/Update t=1,2,..T e Geosciences = small ensemble
f 3 B . f size =2 exploiting Cl in time useful
a=Xxi,b =y, a = Xy, 0 = Y1) a=x:,b=xtq, e Cl notonly in time but also in
C=Y1t-1,0" =Yt c = 0,b" =y1r C = X1, 0" = X544 space
f * Challenge: Finding Cl in space -
X ~p(Xe|Y1e-1)s  xE~0(Xely1e),  xE~p(Xel|Yar) How?
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